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Abstract
We study the deterministic characteristics of stochastic
processes through investigation of random walks and the heat
equation. The relationship is confirmed by discretizing the heat
equation in time and space and determining the probability
distribution function for random walks in dimension d = 1, 2. The
existence of the relationship is presented both through
theoretical analysis and numerical computation.

Introduction
A random walk is a stochastic process that consists of a
sequence of random steps taken with a fixed or random time step
on a well-defined space. For dimensions d = 1, 2 the spaces used
are lines and planes.
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The 1-Dimensional heat equation, with the flux being a
negative proportion of the gradient of heat and no internal heat
generation, is given by:
𝑢I 𝑥, 𝑡 = 𝑘𝑢UU 𝑥, 𝑡
Fundamental solution of this heat equation with initial condition
u(x, 0) = 𝛅(x) is given by:
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Let Nx be the number of walkers at position x at a given time
t + ∆t, then:
𝑁U 𝑡 + ∆𝑡
= 𝑁U 𝑡 − 𝑅∆𝑡𝑁U 𝑡 − 𝑅∆𝑡𝑁U 𝑡 + 𝑅∆𝑡𝑁USa 𝑡 + 𝑅∆𝑡𝑁Uma 𝑡
Observing that the last four terms on the right-hand side of the
equation are a centered difference formula for the second-order
derivative of Nx with respect to space, then the equation above is
equivalent to:
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Describing the system using c(x, t) := density of particles, the
diffusion equation is achieved:
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where, D is the diffusion constant.
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Conclusion
In this poster, two different types of analysis have been used
to show that the fundamental solution of the heat equation
resembles the probability distribution function of random walks
and the net change in the number density of random walkers at a
given time yields the diffusion equation, specifically the heat
equation. Therefore, the determinism of some macroscopic
partial differential equations is related to some far-fetched
stochastic processes at the microscopic level.

Future Work
This analysis can be further used to understand and
investigate various mathematical concepts from Super-Brownian
motion as a limit of critical branching random walks to Fractal
Dimension using perspectives from Cantor measure and
Hausdorff measure and dimension. Random walks could be
further explored to understand even more complex stochastic
processes such as Lévy flights.

Computational Results
Fig. 1. 50 random walks in 2D space with 500 steps each
The heat equation is a special case of the diffusion equation.
It is a partial differential equation that describes the flow or
distribution of heat with respect to time in a solid surface or
medium. The general form of the heat equation is given by:
𝑢I = 𝑘∇L 𝑢

The 2-Dimensional heat equation is solved numerically with
finite difference method with the central source at 1000 degrees
as initial condition and the bottom boundary at 100 degrees and
other boundaries at 0 degrees.
Fig. 3. Million-Step Random Walks with Fractal Patterns

Analysis
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of time and space, the probability of a particle to be at a position
x after n steps is given by a binomial distribution:
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where, p is the probability that, for fixed time intervals, the
walker will move to the right or to the left by ∆x.
For a large number of steps, as n → ∞, approximations for
the factorials can be done using the Stirling’s formula:
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here, P(x, n) resembles a Gaussian distribution. Using continuous
limits and approximations, the probability density function, with
starting P(x, 0) = 𝛅(x), where 𝛅 is the Dirac Delta function, is
given by:
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Fig. 2. Two-Dimensional Heat Dissipation, Central Source
In Fig. 2, the heat source at the center at the initial time
diffuses in all direction to the boundary. The temperature evolves
in time and as it reaches the steady state, it becomes equal to the
prescribed boundary condition. The heat dissipation in Fig. 2
resembles the random walk in Fig. 1.
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